Abstract. Conformal derivations from Lie conformal algebras to their conformal modules are used to describe conformal derivations of Lie conformal algebras of semidirect product type.
Introduction
The theory of Lie conformal algebras arose from operator product expansion in 2D conformal field theory and has a close connection with Lie algebras and representation theory [9] . Structures and representations of Lie conformal algebras have been extensively studied [5] , [8] , [3] , [4] , [10] . Many interesting results on associative conformal algebras are also obtained [10] - [16] . All Lie conformal algebras are Lie pseudoalgebras [1] .
Similarly to ordinary Lie algebras, conformal derivations play an important role in the structural theory of Lie conformal algebras [5] , [8] . In this paper we shall study conformal derivations of semidirect products of Lie conformal algebras and their conformal modules. As a generalization of conformal derivations of Lie conformal algebras defined in [5] , we introduce conformal derivations from a Lie conformal algebra to its conformal modules. Note that, unlike derivations of ordinary Lie algebras, cohomology theory developed in [2] , [6] , [7] is not applicable to conformal derivations, since cocycles are conformal antilinear maps, while conformal derivations are conformal linear maps. This paper is organized as follows. In Section 2 we recall some definitions and results following [5] closely, define conformal derivations from Lie conformal algebras to their conformal modules (see Definition 2.5), and describe inner conformal derivations (see Lemma 2.1). In Section 3 we give a general description of conformal derivations of semidirect products of Lie conformal algebras and their conformal modules (see Theorem 3.1), where computations depend on properties of conformal linear (not antilinear) maps. In Section 4 we describe conformal derivations of the semidirect product of the current conformal algebra associated to a finite dimensional complex simple Lie algebra g and its simple conformal modules (see Theorem 4.1 and Proposition 4.1).
Preliminaries
Throughout this paper tensors over the field C of complex numbers are denoted by ⊗. Definition 2.1 ([9, Definition 2.7]). R is a Lie conformal algebra if R is a module of the polynomial ring C[∂], and for any n ∈ Z ≥0 there is a C-bilinear form − (n) − : R × R → R satisfying the following conditions:
For any a, b ∈ R and n ∈ Z ≥0 , (∂a) (n) b = −na (n−1) b.
That is, R is a Lie conformal algebra if and only if [− λ −] satisfies the following: 
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If M is a finitely generated C[∂]-module, then Cend(M ) := Chom(M, M ) is an associative conformal algebra with respect to the above composition (see [5, Definition 3.3] ). Thus, Cend(M ) becomes a Lie conformal algebra, denoted as gc(M ), with respect to the following λ-bracket:
Hereafter all C[∂]-modules are assumed to be finitely generated. 
That is, ρ is a homomorphism of Lie conformal algebras from R to gc(M ).
Example 2.2 ([3, Example 2.3])
. Let g be a finite dimensional complex Lie algebra,
The following is very important in representation theory.
Theorem 2.1 (Cheng and Kac; see [3, Corollary 3.2]). Let g be a finite dimensional simple complex Lie algebra. Then any nontrivial irreducible representation of Curg is isomorphic to C[∂] ⊗ M for a nontrivial finite dimensional simple g-module M .
Due to A. D'Andrea and V. G. Kac, we have the following.
Definition 2.4 ([5, Definition 3.2]). d ∈ Cend(R)
is a conformal derivation of a Lie conformal algebra R if for any a, b ∈ R it holds that
For any r ∈ R there is a conformal derivation d 
Note that if ρ is the adjoint representation of R, then (8) is (7). We have the following.
Lemma 2.1. Let R be a Lie conformal algebra with λ-bracket
Proof. For any r ∈ R, by (5) it follows that
Since ρ(r) ∈ Cend(M ) is a conformal linear map, it follows that
and hence,
Similarly, since ρ(r ) ∈ Cend(M ) is a conformal linear map, it follows that, for any
Since ρ is a representation, by (5), (10), (11) and (12) 
Conformal derivations of semidirect products
We need the following. 
Proof. Since Cend(M ) is an associative conformal algebra with respect to the λ-product given by (3), the above identities follow by [5, Remark 3.3] . 
So, by (14) , (15), (16) 
where (4) 
.
On the other hand, by the module structure on C[∂] ⊗ M (see (6)) it follows that
So, by the λ-bracket on Curg (C[∂] ⊗ M ) (see (13)) it follows that
By ( ) and ( ), the λ-bracket of Cur(g M ) is induced by that of Curg (C[∂] ⊗ M ).
We need the following.
Lemma 3.3. Let R be a Lie conformal algebra with λ-bracket
, and f ∈ Chom(M, R). Then the following two conditions are equivalent:
Proof. It's easy to see that (i) is equivalent to
Since f is a conformal linear map,
On the other hand, by Definition 2.1 (C2) λ it follows that
So (ii) is also equivalent to ( ).
Lemma 3.4. Let R be a Lie conformal algebra with λ-bracket
, and g ∈ Cend(R). Then the following two conditions are equivalent:
(ii) For any r ∈ R and m ∈ M it holds that
Proof. By the λ-bracket on gc(M ) (see (4)), (i) is equivalent to
On the other hand, by Lemma 3.1(i), (ii),
and, by the λ-bracket on gc(M ) again, (ii) is equivalent to
Since (17) and (18) (ii) For any r ∈ R and m, m ∈ M ,
Assume that d λ is a conformal derivation of R M . By Definition 2.4 and taking m = m = 0 in the above identities, we get
taking r = r = 0,
taking r = 0, m = 0,
Clearly, (23) In this section we always assume that g is a finite dimensional complex Lie algebra and π : g → End C (M ) is the representation of g on a finite dimensional g-module M . Denote by M the conformal module of the current Lie conformal algebra Curg determined by ρ : Curg → Cend(C[∂] ⊗ M ) (see (6) ). Note that if g is simple, then Curg is a simple Lie conformal algebra ([5, Theorem 5.1]).
We have the following lemma, where the last statement was kindly suggested by the referee. 
